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The L—space Conjecture

Suppose Y is a irreducible QHS3. The following are equivalent:

® Y admits a taut foliation \ 660 MQ/“\S\I\

® Y is a non-L-space ! F\DW ‘\"\D\N\D\ ch\l !

W
e 11(Y) is left orderable \ a\cje/\om
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Taut Foliations

A taut foliation is

e a decomposition of Y3 into codim-1 submanifolds, called
leaves, such that

e there exists a simple closed curve meeting each leaf
transversely
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Fibered 3-Manifolds

N
Start with

® [ a compact, connected, oriented surface
® o: F — I a diffeomorphism

This determines:

M, =FxI[,=FxI /(g 0)~ (o)1)
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Taut Foliations in the Literature

Theorem (Thurston ’86):
Compact leaves of taut foliations minimize genus in their
homology class.

Theorem (Gabai ’87):
The “Property R" Conjecture is true, i.e.

If KC S° and S3(K) ~ S x §%, then K ~ U.
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L-Spaces

@Wi°° L—s‘)acw Gt V\va\/\\?\.ﬁu W
e HeQﬁaM Fler pevspedtive.
Definition

A closed, irreducible 3-manifold Y is an L-space if

rk(HE(Y;Z/27)) = |H1(Y;Z)| < o0

Remark: rk(HE(Y;Z/2Z)) > |H,(Y;Z)| holds for QHS3

Ex. Lewe spaces < EWpiic Milols
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Left-Orderability

A non-trivial group G is left—orderable if there exists a total
ordering “ > " on G that is preserved by left-multiplication.

Non-Example: Z/pZ =< x | 2P > is not left-orderable.

"\)Loﬁ S dsswne x>
xZ > > L

o 00

i: x?)ﬂ'/\)...>)(a>i
= A>A X
Rops (0 guops one toaton e 0
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The L-Space Conjecture Revisited

The L-Space Conjecture:
Suppose Y is an irreducible QH S3.
The following are equivalent:

® Y admits a taut foliation “oeometry"
® Y is a non-L-space “Heegaard Floer homology"
® 11(Y) is left orderable “algebra"

PR s Tast wamdloloto ane b7
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Evidence for the LSC

Theorem (Ozsvath—Szabo; Bowden; Kazez—Roberts):
If Y admits a taut foliation, then Y is a non—L—space.

Theorem: The L-Space Conjecture is true for graph manifolds.
Proof: Eisenbud, Hirsch, Neumann, Naimi, Calegari, Walker,
Boyer, Gordon, Clay, Watson, Lisca, Stipsicz, J. & S.
Rasmussen, Hanselman, and many more!

9/25 Siddhi Krishna Taut Foliations and Positive Braids



Focusing on Foliations

If Y is an irreducible QH S3:

Ozsvath-Szabo

Y admits a taut foliation Y is a non-L-space

N\ 2

Q\I\QS\‘\OW\S?. ? D@V\V\
@D How 1o fiad  wan-rspacte SN
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Producing Non-L-Spaces via Dehn Surgery

A non-trivial knot K C S3 is an L—space knot if K there
exists 7 > 0 such that S?(K) to an L-space.

Examples: Positive torus knots (Moser) ; W KV\(S‘_Q
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Producing Non-L-Spaces via Dehn Surgery

Suppose K C S3, K % U. Then either:
(1) K is not an L-space knot:

(2) K is an L-space knot:
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Producing Non-L-Spaces via Dehn Surgery

Suppose K C S3, K % U. Then either:

(1) K is not an L-space knot:
— m(K) is an L-space knot, or 6_,"." LHT]

—— Forall r € Q, SE’(K) 1S a non—L—space.[eX; 4’1

(2) K is an L-space knot: - (g_)]
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Producing Non-L-Spaces via Dehn Surgery

Suppose K C S3, K % U. Then either:
(1) K is not an L-space knot:
[6)("0 LHT

— m(K) is an L-space knot, or
— For all r € Q, S?(K) is a non-L-space. Ee)(: 41

(2) K is an L-space knot: _,__@ 1

Theorem (Kronheimer-Mrowka-Ozsvath-Szabo; J+S Rasmussen):

$3(K) non-L-space r < 2¢g(K) —1
" | L-space r>2g(K)—1

Potnt % Up Yo e v{’&b\b C\’Wf%f« o4 O\LW
\M(V—\) ’\/\/\Q/V\ \Vt\fé Z,SCK)"\) SV(KB =
won-L- Space ., LSEC oved kU twed ones have TFs. .
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Relevant Results

S3(K) has a taut foliation if . ..

... K is fibered, r < 1
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Relevant Results

S3(K) has a taut foliation if .

. K is fibered, r < 1

. K is a “positive 3-braid closure" and r < 2g(K

. K is a “positive n—braid closure" and r < L3 g9(K)]
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Relevant Results

S3(K) has a taut foliation if . ..

... K is a “positive 3-braid closure" and r < 2g(K) — 1

... K is a “positive n-braid closure" and r < |5g(K)]

These are the only examples in the literature producing taut
foliations in S?(K),r < f(g(K))) for hyperbolic knots.
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Application

Example: The P(—2,3 ,7f (Fintushel-Stern) Pretzel Knot

)
a

0 30

P2 %) F ~> MWLLC, \—/&)

7

%,_

Y is a non-L-space - Y admits a taut foliation

holds for every non-L-space obtained by Dehn surgery along an

infinite family of _ L-space knots.
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Cor (K.)

K, 1 1s braid positive <= K = U
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Cor (K.)
If g(K) > 2, then K, » is never braid positive.
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For Y an irreducible QH S3:

Ozsvath-Szabo

Y admits a taut foliation Y is a non-L-space

-~ = e

Questions: How do we

(1) identify non-L-spaces? D—Q\[\V\ S
2) build taut foliations in them?
2 Pran

@ %
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Elements of the construction

® Branched surfaces
® Positive braids

¢ “Amplification Lemma"
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Branched surfaces

A pwe S s « 2-complex jlocalled
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Positive braids
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Essence of the construction

M

® choose k arcs on F' ~ k disks C X

® choose right co—orientations for the disks )'( *

Then for all r < k, S?(K) has a taut foliation.
awedo:  “amtnar vandued swhae To\‘}
vl die\e™
\ wv\ Mwb\
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Amplification Lemma
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Amplification Lemma
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