38 Introduction to K K

in this talk: all C*-algebras are separable

- C*Alg™ - category of C*-algebras

Kasparov groups (Pierre’s talk)
- A, B in C*Alg™:
— KKy(A, B) - Kasparov’s K K-theory group

— homotopy classes of Kasparov modules [E, ¢, F]

features
- f+ A— B induces kko(f) := [B, f,0] € KKy(A, B)
- Kasparov product: o : KKy(B,C) @ KKy(A, B) = KKy(A4, C)

— is associative, compatible with composition of morphisms

endcode this structure as Z-endriched category KK
- objects: C*-algebras
- morphisms: Homkg, (A, B) := KKy (A, B)

- composition: o
express naturality properties:
Proposition 38.1. We have a functor kky : C*Alg™ — KK,.

further properties:

- homotopy invariance: A — C([0,1]) ® A goes to iso

- K-stability: AZC® A PR K ® A goes to iso
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v O\
- split exact: for split exact 0 A B C 0 the sequence

>~
0 —— kko(A) —— kko(B) —— kko(C') —— 0 presents kko(B) = kko(A) & kko(C)

- kkg sends sums to sums

Theorem 38.2 (Higson). KKy is an additive category and kkq : C*Alg™™ — KKq is the
initial homotopy invariant, K-stable and split exact functor to an additive category.

kké : :l:—“lllladd(1<1<07 A) E) :Fllnh’K’Split(C*Algnu, A)

example: Ky : C*Alg™ — Ab is homotopy invariant K-stable and split exact

- has unique factorization:

Ab

C*Alg™

kko ___.--ﬁ'éﬁlKKo(kko(C),kko(f))
KK

- for F': C*Alg™ — Ab homotopy invariant, split-exact and K-stable:

— by Yoneda Lemma Nat(K,, F') = F(C)

encode external products

Proposition 38.3. KK has a unique bi-additive symmetric monoial structure such that
kko : C*Alg™ — KKy is symmetric monoidal

(two statements, one for for ®,;, and one for @yayx)

define ) := kkg(co(R)> ® —: KKQ — KKQ

- additional structure: boundary maps

- consider semiexact 0 A B C 0

- induces 0 : Qkko(C') — kko(A) (explicit construction on cycle level)
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Proposition 38.4.
Qkko(C) 2 kko(A) — kko(B) — kko(C) (38.1)

18 exact.

Toplitz sequence 0 K To C’O(R) —— 0 and kko(7p) = 0 (Cuntz) gives Bott
periodicity:

o0R—
0% = Okko(Co(R)) @ — = Kko(K) @ — = id

- use this to define Q* for i < 0

Proposition 38.5 (Meyer-Nest). KKy has structure of a triangulated category with shift
Q and triangles (38.1).

Auestions:

- as above: K K-groups are defined using cycles by relations

- additional structures (composition, product, boundaries) must be constructed on cycle
level

— very technical arguments for well-defineness and properties

Can one show by abstract nonsense that there exists a functor with the universal property
of kko : C*Alg™ — KK, from Proposition 38.37

— It would be unique up to unique isomorphism.
— Get all the structures for free and in a simple manner (except boundaries).

— Main remaining problem in this approach: Must relate the resulting Hom-groups in this
category with Kasparov modules.

2.
- usually triangulated categories are homotopy categories of stable oco-categories

Can one construct a stable co-category KK with homotopy category KK and a refinement
kk : C*Alg™ — KK of kkg.
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- Existence of boundary operators for semiexact sequences becomes property.
classical Answer to 1. is Higsons construction

Quick solution for 2. by Land-Nikolaus:
- W - kkq - equivalences in C*Alg™

Define: kk : C*Alg™ — C*Alg™[W 1] =: KK by Dwyer-Kan localization

Proposition 38.6 (Land-Nikolaus). KK is a stable co-category and

kko

C*Alg™

S A

KK

commutes. All works with symmetric monoidal structures Qmpax and Qmin-

proof uses fibration category (Uuye):
- weak equivalences: kkg-equivalences

- fibrations: semi-split surjections

combine this with classical constructions:

Corollary 38.7. kk is homotopy invariant, K-stable and sends semi-exact sequences to
fibre sequences.

Lecture course question: How can one tell students what KK is without explaining KK;?
notions of exactness for functor F'

- 7 € {Schochet fibration, split, semisplit, surjective}

- F'is 7-exact: it sends cartesian square with property ? to cartesian square
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- f + A — B is Schochet fibration of Homg»ajgm (D, A) — Home«aign (D, B) is Serre
fibration

Theorem 38.8. There is an initial Schochet- and split exact, homotopy invariant and
K -stable functor kk : C*Alg™ — KK to a left-exact and additive co-category. All works
with symmetric monoidal structures @upax and Qmin-

kk* : Pwunlex(1<1<7 A) E> P\unh,K,split+sch(O*Algnu, A)

- commutes by comparison of universal properties

C*Alg™

S A

KK
1. Ly : C*Alg™ — C*Alg;" Dwyer-Kan at homotopy equivalences
- get left exact pointed co-category
- Mapc. g g (A, B) ~ (Hom(A, B) (Anima associated to topological Hom-space)
- L, is Schochet exact
2. C — K is tensor idempotent in C*Alg,"
- left Bousfield localization Ly := K ® — : C*Alg," — LxC*Alg,"
—inverts A > K ® A
- get left semi-additive left-exact co-category
- L o Ly, is Schochet-exact and K-stable
- Map;, ¢ argm (4, B) = (Hom(A, K @ B)
3. force split exactness:

Cin LgC*Algl™: A+ A~ A A
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— any split exact functor should invert ¢4

— Dwyer-Kan localize at W := {14|A € C*Alg™}
— L, : LxC*Alg," — LgC*Alg (W1 = KK

— get additive left-exact co-category (easy)

—kk =L, gy : C*Alg™ — KK is homotopy invariant, K-stable and Schochet- and
split exact and aninital with this property.

— calculus of fractions: Mapyy (A, B) ~ colim,cy Hom(¢"A, B ® K)

This is a complete description of kk : C*Alg™ — KK independent of clasdical cycle by
relations picture!

deep theorem of Cuntz: ¢?A — ¢A is equivalence in LxC*Algy"
— implies: L, is right Bousfield localization
— Mapgk (A4, B) = (Hom(¢A, B® K)

— this is one of the classical formulas for X K

stability, fibre sequences 7

interpretation of Cuntz-Skandalis:

Theorem 38.9 (Automatik semiexactess). For any left-exact additive co-category A
incl : ]:]‘unh7K,8€+SCh(Cv>i<Alg11u7 A) N P‘llnh’K’Split+SCh<C*Algnu, A)

18 an equivalence.
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apply to kk : C*Alg™ — KK
- conclude: kk is semiexact
- note that Q :=kk(Cy(R)) ® — is loop endofunctor of left-exact structure

- use Toeplitz extension as above: Q2 ~ idgkxk

Corollary 38.10. KK is a stable co-category with bi-leftexact symmetric monoidal struc-
ture.

- gives long exact sequences, Bott periodicity, triangulated structure on hoKK

se = Sch + split if target is stable:

Corollary 38.11. kk : C*Alg™ — KK is an inital homotopy invariant, K-stable and
semi-exact functor to a stable co-category. All works with symmetric monoidal structures
®max (L?’Ld ®min-

for any stable C

kk* - F\une:c(KK, C) E> qunh,K,se(C*Algnu, C)

How fits E-theory in this picture?

for exact sequence 0 - A — B — C' — 0 get comparison map kk(A) — Fib(kk(B) —
kk(C))

- equivalence if sequence is semisplit, but not in general
Dwyer-Kan W:= all comparison maps
- get functor ¢ : KK — KK[W™!] = E

-set e ;== cokk : C*Alg"™KK — E

Theorem 38.12. e : C*Alg™ — E is a Dwyer-Kan localization and the inital homotopy
imwvariant, K-stable and exact functor to a stable co-category. All works with symmetric
monoidal structure Qmax.-
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e* . :EH:[].’.[EI(]E7 C) E> Funh7Kyex(O*Algnu7 C)

comparsion with classical E-theory (Higson)
- commutes by comparison of universal properties

C*Alg™ — 2 LT,

N A

Get lax symmetric monoidal, homotopy invariant, K-stable and exact spectrum-valued
K-theory functor for free:

K(—) :=mapg(e(C),e(—)) : C*Alg™ — Sp

- for homotopy invariant, exact and K-stable F': C*Alg™ — Sp

— Nat(K, F') ~ Q*F(C) (Yoneda Lemma)

- moNat (K, K[1/p]) = Z[1/p]

application:
- for commutative algebras have ¥? : K — K[1/p] (Adams operation)

- does not extend to all C*-algebras
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