
 An introduction to KK theory

Atiyah Janich showed that KEX x H
Atiyah defined on abstract ellipticoperator on X to be a bddfredh.tn liner map
T Ho th betweenHilbertspare with an action of CX

sit If_FT compact for all fec x
and showed that Ell X Ko x

Brown Douglas Fillmore Kasparov figuredouthow to define Kok analytically

BDF comeat thisby classifying ses O K E Cx 0 ME a Ctaly
Kasparov tackled moregeneral 0 KOB E A O w AB E CEal s

and so ended up defining a bivariat functor KKCA BI

KKIE CCN KO x Fredholmoperator parametrized by
KK CCK at K Gt Ellipticoperators on
KK CE 141 Ellipticopertors on parametrized by Y

Let's describe thetypical elements of KK CCH B W
aclosedmfd B unital

A B vb overX refers to a locally trial bdle our whose fibers are fingenpot

right Bmodules
w B linear transitive functions

eg B C C ub's over

B CLY G ub's over Xxy
if x ̅ X is the universal cover of X G T X CEG

the Xt CIG X is the universal C G bdle over

Suppose Eo E are B vb's over X a B ellipticoperator
D CCMEo PCME l refers to a B linear ellipticNDO
Suit an operator extend to a B linear bdd map between
suitable Soboler spaces Hilbert Bmodules Go E and is B Fredholm



p

meaning thatthere is a decompositis E E E E o E
D D E Ep Eo E f g prog

This means that upto a B compactperturbation KenDCokD are fgprog
TheMihchenko Fomenkoindex of D is Id D 6 E K BI

7 A Hilbert B module is a right Bmodule equipped to Bvaluedinnerproduct
4 7 right Blinear in the second variable satisfying

42,47 44,27 42,2770 4equality iff 0

suchthat is complete wrt the norm 11211 11 11,5

Associated to are the adjointable operators

EudB E T E E bdd B tier 7 s.t 472,47 42,14 EneE
the B compactoperators

KB E closure of the linerspan of the rk one operator Tay
defined by TayCui 21,7

Rank Instead of D CCX Eo CCX E wework w Ee graded space
COCX EAE replace D T 8

Also notethat if D is sea has order one then T DC BJ
hasorder zero and satisfies T I I D ER E

A class in KK A B is representedby a Kasparov A Bbimodule 6,4 T
where E is a 22 graded Hilbert B module

d is a how A End E is even wrt thegrading
TeEnd E is odd wrt the grading and satisfies for anyGEA
dla 12 11 4cal t t dealt Tda KB E

Two Kasparov A B bmodules EodoTo 9,1 are equivalent iff homotopic

meaning thatthereis a Kasparov A B CCoBI bmodule T



57 Ei di 1 eviB 101 101 ie 013

KK A B consists ofthe equivalenceclasses is a group wrt direct sun

KK AB is defined in the same way but using ungraded objects

Ex 1 any homomorphism 0 AaB yields a class 03EKKLAB

we take B 0 74bi.be g btbe T 0

Here End E MCBI KB E B so ACA EKB E
For id A A this class is denoted 1AfKKCAA
1 DeDiff x Eo E B elliptic
6 L x E L X E A CHI I DCHD'D

yield an element of KK CHI B

Kasparovproduct functional bilinear associative productKKLAB KKCB.CIoKKCA

4ExSupposeDeDiff'CX EoE l F 7XubY connectin 8

D'eDiff x E F E F sit D s e x CDs e x

whenever JEZ41 0

if D dot the D d 8 F

1 defines a class via T D it D'D in KK CCN G

similarly for D
F defines a class F EKKLE CCN C 100,9 03

defines a class F KK CCHCCH

D F D notethat D is independent of J

Given ce.tt saceaiiinweuntcetiie
Clearly we should take Er 0 4,01 A E 2 E
but there's no canonical choice for 7



Rank The naive choice for I wouldbe 7 It 4 Tz Yp thegrading
but usually 1,02 is not well defined because E B 0

and even when it is it mightnot define a Kasparov bmodule

modify to M 7,611 N z 7 TM NEEnd E M No MINE

Kasparov TechnicalLemma

Connes Skandalis have characterized T up to homotopy using an abstract
notion of connection inspiredbythe previous example

Ex Thom isomorphism in K thy
If E X is a Gub or a IR ub Ma spiic structure

then K E K X

We obtain a class EE KK CLE C x fromthefamilyof Dolbeault

operator on thefibers of E Jex XE A E 2

Prop Kasparovfollowing Atiyah
Multiplicationby de is invertible and implementsthe Them isomorphism

If X is itself complexthen the classes of Jx Je andTEA satisfy
I αE 5 3

Ex Poincare Duality
Atiyah showed that for a smoothmfd Ko X Ko TX

thatfor Pe4 xEoE this correspondence send P to O P

He pointed outthatthis generalizes the AtiychSinger indexthem
Kasparov showed thatthistoo is an Kasparovproduct

Note that p defines a class rfp EKK E ColeX
also a class PD EKK CH C 7 X



1m Kasparov P 018777 IT x

Let a C CCtl be the inclusion of units a EKKCE CA

We get the analyticindex of P 43 P KK 4,41 2
Kasparous than impliesthatthisequals a OCP7 Jex

OCP JT

Ex Topological index
Choose an embedding a IR let N be a tubularnhd

so on Ncr R N can be identified withthetotalspace ofthenormalbdle

Weget TX at North G TN d c E ab over TX
Since 7N co G is an open inclusion it induces 5 C TN co C LET

the topological index is themap
K T X Klex En keen InKGT

F
n kept

1hm Atiyah Singer a ind t ind

From
KCT IT KCTN KLEY we see that

n Jen t id c c IT
14 pt a ind e


