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starting point

MeyerNest2006 G a 2ndcountable loccptgroup
us the G equivariant Kasparov category KKG is

a tensor triangulated category tt category

Namely
1 It is a symmetric monoidal category

objects separable G C algebras

Hours A B Kko A B

composition and ofmaps Kasparov product

A B A minB or Omar with diag G action

2 Triangulated
A B EA givenby semisplitextensions

or Puppe sequences

de suspension EA C IR A Co IR A

Bott periodicity EOE Ʃ

3 Some mild compatibility

Q KK KK KK

is exact preserves Δs in both variables

This is the structure we will work with
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It categories are a light axiomatization of
thehomotopy categoryof stable sym mon a categories

There is a powerful geometric theory of tt cat's
tensor triangular geometry tt geometry

Main tool Balmer2005

If K is an ess small tt category its
spectrum Spc K is a topological space

Each object Aek has a support SuppA Spc k

A Supp A is compatible with the algebraic op's

i suppose K is rigid each AEK has a dual7ᵗʰ
There is an inclusion preserving bijection

thick ideal
subcategories e k

Thomason subsets
S Spock

givenby E Supple SuppA

E thick Sed subcat closed under retracts

S Thomason can write S 4Zi Zi quasicptopen

Get a rough classificationof theobjects of K
Supp A Supp B ThickA Thickg B

can build A and B fromeach other
using the tt operations cones c



3To apply this must compute Spc K in examples

Some wellknown examples

X a quasiapt quasi sep scheme K DPetX

By Thomason Spc DPerf X E X

Affine case X Speczar R in Spc KbprojR E SpeczarR

G finite group k field K stab KG 1f.dk laddl

By Benson Carlson Rickhard Spc K Prog H G k1

SH Ho Spw homotopy categoryof finite spectra

By Devinate Hopkins Smith

spalsity

chromatintop

So what about K KK

No idea even for G 1 trivial

Too bad because enough knowledge of SpcKK would

decide the verystrong Baum Connes conjecture 29 19

Many problems
KK notrigid in fact it can have nilpotent objects

Toomany objects no sensible setof generators

It has infinite coproducts so it makesmore sense

to classify localizing ideal subcategories
also closed under s
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Therefore let's try to classify localizing ideals

in a reasonably generated sub tt categoryofKK
Also suppose G finite someresults alsofor Gcpt

An interesting but reasonable choice is the
G equivariant Bootstrap category D Emerson Meyer 14

Boot Lt A A is KK equiv to aType I sep.CIalg KK
fullLoc A A IndG H Mna

Loc CCG H HEG is acyclic subgroup

by AranoKubota2018 MeyerNadareishvili 2024

Boot is a nicer ft category with countable
For instance

Boot Boot'd is a rigid ess small tt cat
I the dualizable objects

compalt
objects AeBooth

Hour A presenes coproducts

Moreover

A opt rigid K A is a fingenRCG module

subgroup H G

For Ie G we can classify

the thick a idealsof Boot
11mncompute SpcBoot

the localizing ideals of Booth
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Def a finite group G is ofprimeorder

elements if
every non trivial geG has prime order

the non thin cyclic HEG have primeorder

Examples Ipt p prime I p2 53 As 1

TheoryA D Martos 2024

If G is finite of prime orderelements canonical

homeo
Spc Boot speczar R GI

theoremB D Martos2024

For every finiteG the Balmer supporttheory for Boot
admits an extension withviceprop's to arbitrary A e Booth

Supp Obj Boot subsetsofSpc Boots

If G has prime order elements it induces a bijection
localizing ideals arbitrarysubsets

of Boota of SpeczarRca

We fully expect both theorems to hold for all finiteG
In fact Arano Kubota stratification theory lets us

reduce both simultaneously to the case of G cyclicn

If GEZp2 essentially proved by D Meyer2021



The case of G cyclic of any order n and 6
therefore of general finite G remains unproven

Idefore proofs

Forthman

The homeo is via a natural continuous map

for Spc K Speczar Endy 11

which exists ess small ft cat K unit

and in general is neither ing nor surg
of K

Using general tt geometry Arano Kubota and

the structure of SpeczarRca Segal1568

my reduce to G I pI Pprime
Then use Killer's UCT forBoot 82 see D Meyer2021

Forthm.be

Use stratification theory Hovey Palmieri Strickland Neeman

Benson IyengarKrause and especially Barthel Heard Sanders 2023

Setting for this
Suppose K T Ta a rigidly compactly

generaded tt cat
a nice rigidess small e g T Ho E E a

tt category presentablysym mon stablecat gen.bya setofrigidopts
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Suppose also Spc K is a weakly noetherian

space e g SpeczaR of a noetherian
commutative ring like RCG G finite

Then

BalmerFavi2011

a nice support theory for all AET
Supp Obj T Subsets Speck

It induces a surjective map

localizing o ideals
spitof T

LA Supp A

T is stratified
The B H S 2023
The map is also injective hence bijective

provided that foe Speck the
loc subcat So supported at fo is

minimal

This minimality can be checked locally
in Spc K i e one to at a time

via various kindof procedures

For Boot P can do byhand as Spc k hfa
is small in
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Again Arano Kubota lets us deduce from

this the case of Gof primeorder elements

Problemen this stratification theory only applies
for T with arbitrary small coproducts

But Boot only has countable ones and is

rigidly compactly generated in a weaker sense

Solutions Use a categorical enhancements to add
smallcoprods to Booth

As explainedby UlrichBunke

stable syn mon o cat KKS with
Ho KRG KKG allsmall

Booth Ho Indw KK Loc can

full tt subcatEmma is
apply stratification1T theory.ttond

Finally must checkthat if thebig T is

stratified then Booth is also stratified
in the countable sense

OK G finite QED


